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The unconstrained reduced action corresponding to the dynamics of scalar fluctuations about 
the Friedmann-Robertson- Walker (FRW) background is derived using Dirac's method of descrip- 
tion of singular Lagrangian systems. The results are applied to so-called negative mode problem 
in description of tunneling transitions with gravity. With our special choice of physical vari- 
able, the kinetic term of the reduced action has a conventional signature for a wide class of 
models. In this representation, the existence of a negative mode justifying the false vacuum de- 
cay picture turns out to be manifest. We also explain how the present result becomes consis- 
tent with the previously proved "no negative mode (supercritical supercurvature mode) theorem". 



PACS number(s): 98.80.Hw, 98.80.Cq 

One of the interesting and widely exploiting cosmo- 
logical models is based on the theory of a scalar field 
coupled to gravity. Such a remarkable phenomena as in- 
flation and metastable (false) vacuum decay are usually 
discussed in frame of this model. For complete descrip- 
tion of this processes, it is very important to know the 
properties of perturbations to the background configura- 
tions describing an inflation or vacuum decay. The cos- 
mological perturbations in Lorentzian regime are related 
to the cosmic microwave background radiation and large 
scale structure formation [|l]-^ . Furthermore the pertur- 
bations in the Euclidean version of the theory define one 
loop corrections to the bubble nucleation rate and deter- 
mine quantum state of materialized bubble Q . Since the 
model contains gauge degrees of freedom, the choice of 
physical variables to analyze the system is not unique. 

There are several known ways in deriving and ex- 
pressing unconstrained quadratic action solely written in 
terms of physical variables in the theory of scalar field 
coupled to gravity in non-spatially flat FRW Universe 
P,pp|-p^ . However, none of them is completely satisfac- 
tory for the purpose to apply it to the issue of quntum 
tunneling, which we discuss mainly in this short letter. 
An extension of the convenient variable v discussed in 
the well-known review ||l| to the non-spatially flat case is 
found in Ref. pO| . However, the canonical transformation 
to arrive at this variable turns out to be singular in the 
case of quantum tunneling. In the reduction discussed in 
1^, the kinetic term docs not have definite signature. In 
the case of the reduction given in |^,^, the kinetic term 
has a definite signature (as long as the background scalar 
field is monotonic). However, the overall signature is un- 



conventional and hence some analytic continuation sim- 
ilar to the conformal rotation becomes necessary. The 
conformal rotation was introduced in the case of pure 
gravity to cure the conformal factor problem |jll| . It was 
also found to be possible to treat this problem (at least 
in pcrturbative gravity) via the careful gauge fixing [ p2| . 

In this short letter, we revisit the dynamics of small 
scalar-type perturbations of a scalar field coupled to 
FRW type background in the framework of conventional 
theory of degenerate Lagrangian systems ||l^. We ob- 
tain an expression for the reduced action which is more 
appropriate for discussing the quantum tunneling with 
gravity. For a wide class of models, the signature of the 
obtained reduced action becomes the conventional one. 
The potential for the eigen value problem is also regu- 
lar for the same class of models, and it is shown that 
there is a negative mode in the spectrum of small fluc- 
tuations about the Coleman-De Luccia bounce solution 
in accordance with the consistent interpretation of 
metastable vacuum decay Q. As it will become clear 
later, this result does not conflict with the conclusions 
about the absence of negative mode arrived in the other 
reduction scheme . 

The evolution of system composed of scalar matter 
field minimally coupled to gravity is determined by the 
conventional action 
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where k — SttG is the reduced Newton's constant and 
V{(p) is the scalar field potential. 
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We expand the metric and the scalar field over an FRW 
type background 



ds^ = a{rif 



(1 + 2A{r])Y)dTf + 2B{r])Yi,dr]dx' 



+ {7,,(1 ~ 2^'(r;)F) + 2£{r])Y^,j}dx'dx^ 



(2) 



where 7^ is the three-dimensional metric on the constant 
curvature space sections, a and ip are the background 
field values and A, VP, $, B and £ are small perturba- 
tions. K is a normalized eigen function of 3-dimensional 
Laplacian, AF = —k^Y, and vertical line represents a 
covariant derivative with respect to 7^ . To keep the sim- 
plicity, we set B{rii) — £[vi) = 0. These terms are absent 
for homogeneous perturbations from the beginning. Also 
for inhomogeneous perturbations, it is known that this 
choice of gauge is consistent. 

The background fields a and ip satisfy the equations 



-n' + K = ^v'\ 



(3) 



2n' + re+lC = ^{-v'^ + 2a'V{^)), (4) 
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where a prime denotes a derivative with respect to con- 
formal time 77, 7i := a' /a, and /C is the curvature pa- 
rameter, which has the values 1, 0, -1 for closed, fiat and 
open universes, respectively. 

Expanding the total action, keeping terms of second 
order in perturbations, and using the background equa- 
tions, we find 



5 = 5(0) +5(2), 



(6) 



where S*^"^ is the action for the background solution and 
5^2) ig quadratic in perturbations with the Lagrangian 
for scalar perturbations 
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To obtain the unconstrained system corresponding to 
the degenerate Lagrangian (0) we will follow the Dirac's 
description of singular Lagrangian systems . Perform- 
ing the Legendre transformation with canonical momenta 



n.:^^^^(-*' + f^'$-HA), (8) 



5^' 
5^' 



(9) 
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we find the primary constraint Ci :— Ha = 0. Thus the 
total Hamiltonian Ht is 

Ht = Hc+uMCu (11) 
with arbitrary function ui{vi) and canonical Hamiltonian 

Hc-- 
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AC2, (12) 



where 



C2 = tp'n^ - nu^ 



2(fc2 - 3/C) 



(13) 



Conservation of primary constraint gives the secondary 
constraint C2 = 0. The primary and the secondary 
constraints are first class and there are no ternary con- 
straints. 

The existence of constraints in the system as usually 
means the presence of gauge degrees of freedom. To iden- 
tify the physical degrees of freedom, we fix the gauge and 
solve the constraints. There are two simple strategies: 
either to eliminate perturbations of scalar field (11$ and 
$) or the gravitational degrees of freedom (H^ and VP). 
The approach developed in [^-^,D is based on the first 
possibility.^ Here we use the second possibility. 

Thus we choose the following gauge fixing condition 

XI H* = . (14) 
From the consistency condition x'l = Oi we obtain 



X2 - A - * 0, 



(15) 



which is the condition known as the Newton gauge. 
Then, the consistency condition ^' — A' — will de- 
termine Ml, and the set of constraints closes. 

As a next step one can introduce the Dirac brackets, 
or equivalently we can identify the Hamiltonian for the 
physical degrees of freedom H* by the relation 



*Note that the gauge invariant formulation in |2| corresponds 
to the gauge choice xgmst :— $ — 0. 
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After some algebra, assuming fc^ 7^ 3/C, we obtain 



2a277 * 2(fc2-3/C) 
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with 



Q := 1 



2(fc2 - 3/C) 



$2, (17) 
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To proceed further it is useful to introduce new canon- 
ical coordinates / and tt/ defined by 



I n 



/ 



(19) 
(20) 



One finds that the dynamics of physical variable / is 
governed by the simple harmonic oscillator Hamiltonian 



1 2 1 2r 



(21) 



with frequency whose time dependence is determined by 
the background solutions 



yj^[a{r^)^^irj)]^^(^-^^ - (fc^ - 3/C)Q. (22) 
Thus, the unconstrained quadratic action becomes 

S^'^ = / [If" - ^^'[«(^),^(^)]/') dv . (23) 

Now we apply the derived reduced action to investiga- 
tion of the negative mode problem in quantum tunneling 
with gravity. The false vacuum decay is described by the 
bounce solution of Euclidean equations |^ 15|. Value of 
the Euclidean action at the bounce gives leading expo- 
nential factor in decay rate. Quadratic action defines one 
loop corrections. It is remarkable that in the spectrum of 
small perturbations about a bounce in absence of grav- 
ity there is exactly one negative mode [||. This mode 
is responsible for making correction to the ground-state 
energy imaginary, i.e., justifying decay interpretation. 

Relevant object for tunneling transitions is the Eu- 
clidean action which can be obtained from the action 



Eq. ( p3| ) by the analytic continuation rj = —ir. Defin 
ing the Euclidean action as usual by S'^^^ 
specifying /C = -f 1, we obtain 



iS'^'' and 
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where ' = d/dr and 
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2)-3)Q£, (25) 



(26) 



Here we used the fact that the eigen values of the Lapla- 
cian A on a unit sphere take discrete values, i.e., k'^ = 

e{e + 2) with ^ = 0,1, 2,.... 

The equation for the mode functions, which diagonal- 
ize the action Eq.(p4|), has form of the Schrodinger equa- 
tion 



(27) 



—f + U[aiT),^iT)]f = Ef 



Let's us first show that for £ — case the Eq.(|27|) has 
at least one negative mode for the Coleman-De Luccia 
background bounce solution. We define a new potential 



U 



> U. 



(28) 



The eigen value problem with this potential manifestly 
has a zero eigen value state with / cx ^pj \JQe- Since 
U > U, the eigen value problem with the potential U 
must have at least one negative eigen mode. □ 

A similar discussion leads to the conclusion that there 
are no negative modes for £ > 1 (compare 0). The £ = 1 
case needs separate consideration. As it was explained in 
Ref. there are no physical degrees of freedom in this 
sector. 

Note that the present result does not contradict with 
the no negative mode theorem The argument of the 
no negative mode theorem is that, when we consider the 
bounce solution such that realizes the minimum value of 
action among all the non-trivial 0(4)-symmetric configu- 
rations, there is no negative mode for the specific variable 
q defined by 



q := 



N 



(29) 



where represents 5* evaluated in the Newton gauge 
1^ . In terms of this variable q, the kinetic term stays neg- 
ative for ^ = modes. Hence, as mentioned earlier, we 
need to do some analytic continuation similar to the con- 
formal rotation to perform the path integral. Although 
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it is not fully justified, this procedure of analytic con- 
tinuation is thought to produce the required imaginary 
factor. (See. [^|j|]). Now we are working with a different 
variable / for which the kinetic term takes the conven- 
tional signature. Therefore there should be one and only 
one negative mode. 

Once we accept the original no negative mode theorem, 
we can give an indirect proof of the uniqueness of negative 
mode for / under the same condition that the absence of 
negative mode for q was proven. It is easy to find the 
relation between / and q because our gauge condition 
corresponds to the Newton gauge (p^. Eliminating 11$ 
from the constraint equation C2 = and the Hamiltonian 
equation of motion for <I> derived from (p^, we obtain 




Qsq, 



(30) 



where we used the definitions and (g9|). Suppose 
that / has two negative modes for ^ = 0, and let us try 
to derive a contradiction by using the fact that q doesn't 
have any negative mode. By assumption, the zero eigen 
value solution {E = 0) of / which satisfies the boundary 
condition on one side must have two nodes. One may 
think that this implies that there are at least two zeros 
of z :— (VQ-e/'^VT''/')/- But it is not true because the 
regularity condition for / just requires it to behave like 
g-(^+i)kl on boundaries. Since (p behaves like ^ e"^'"^', 
even the regular solution of z does not go to zero on the 
boundary for £ = 0. Hence, we arrive at the conclusion 
that there is at least one point where the derivative of z 
vanishes. With the aid of Eq.(^), this implies that the 
zero eigen value solution of q has a node, which means 
existence of a negative mode in q and contradicts with 
the no-negative mode theorem. □ 

We also note that with the present choice of variable 
there is no manifest correspondence between no nega- 
tive mode theorem and the no supercritical supercur- 
vature mode theorem |^ as was in terms of variable q 
defined in The equation which determines the per- 
turbation spectrum in the context of one bubble open in- 
flation in terms of the present variable / is not standard 
Schrodinger-type equation and the existence of a mode 
with a negative value of E does not imply the existence 
of a supercritical supercurvature mode. 

So far we considered the background solutions with the 
positive definite factor Qe- If this factor becomes zero 
or negative for some region(s) of r, the Euclidean analog 
of the canonical transformation Eqs.(p^), ( pO| ) becomes 
singular. This will not immediately indicate a certain 
physical meaning because there happens nothing special 
as long as we discuss in terms of q in Ref. ||^. However, if 
there exist some class of bounce solutions for which the 
signature of kinetic term cannot be set to be positive def- 
inite without passing through a singular canonical trans- 
formation, then it might suggest some physical meaning. 
In this case, we might have to reconsider the possibility 
of catastrophic particle creation discussed in Ref. [|j . 



To conclude we have investigated the dynamics of small 
perturbations in non-flat FRW model coupled to a scalar 
flcld. Using the gauge conditions Eq.(14) we reduced the 
system of coupled perturbations Eq. (|3)to the dynamical 
system Eq. ( p^ ) with one physical degree of freedom. The 
reduced quadratic action Eq.(^3|) has the conventional 
overall signature. Investigating Euclidean quadratic ac- 
tion Eq.(|2J), we proved that there is exactly one neg- 
ative eigen value mode about the Coleman-De Luccia 
bounce solution. The result is consistent with the so- 
called "no-negative mode" theorem in false vacuum 
decay with gravity which was proven in the other reduc- 
tion scheme. The treatment discussed here is restricted 
to the background solutions which satisfy the condition 
that the quantity is positive. Hence, another question 
arises whether we can always flnd a variable for which 
the kinetic term of a perturbation in the reduced action 
becomes positive definite. This issue needs further inves- 
tigation. 
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